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Abstract
We prove that the ascending chain condition (ACC) for log canon-
ical (lc) thresholds in dimension d and Special Termination in dimen-
sion d imply the termination of any sequence of log flips starting with
a d-dimensional lc pair of nonnegative Kodaira dimension. In par-
ticular, in characteristic zero, the latter termination in dimension 4
follows from Alexeev-Borisov’s conjecture in dimension 3.
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1 Introduction
Following the fundamental work of Shokurov [Sh3] on the existence of log
flips, one of the main open problems in log minimal model program (LMMP)
is the termination of log flips, in particular, in dimension 4.
Conjecture 1.1 (Termination of log flips) Any sequence of log flips/Z,
with respect to a lc log divisor KX +B, terminates.
∗Supported by the EPSRC.
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In this paper we prove the following
Theorem 1.2 ACC for lc thresholds in dimension d and Special Termi-
nation in dimension d imply the termination of any sequence of log flips/Z
starting with a d-dimensional lc pair (X1, B1) of nonnegative Kodaira dimen-
sion.
Corollary 1.3 In characteristic zero, Alexeev-Borisov’s Conjecture in di-
mension 3 implies the termination of any sequence of log flips/Z starting
with a 4-dimensional lc pair (X1, B1) of nonnegative Kodaira dimension.
Here we recall the ACC for lc thresholds Conjecture and Special Termina-
tion Conjecture due to Shokurov and the Alexeev-Borisov’s Conjecture due
to Alexeev, A. Borisov and L. Borisov. For a set S ⊆ R, B ∈ S means that
all coefficients of B are in S.
Conjecture 1.4 (ACC for lc thresholds) Suppose that Γ ⊆ [0, 1] sat-
isfies the descending chain condition (DCC) and S ⊆ R is finite. Then the
set
{lct(M,X,B)| (X,B) is lc of dimension d, B ∈ Γ and M ∈ S}
satisfies the ACC where M is an R-Cartier divisor on X and lct(M,X,B)
is the lc threshold of M with respect to (X,B).
Conjecture 1.5 (Special Termination) Let Xi 99K Xi+1/Z be a se-
quence of flips/Z starting from a lc pair (X1, B1) of dimension d. Then
there is I ∈ N such that the flipping locus does not intersect the locus of lc
singularities LCS(Xi, Bi) for any i ≥ I.
Conjecture 1.6 (Alexeev-Borisov’s) Let δ > 0 be a real number. Then,
varietiesX for which (X/pt., B) is a d-dimensional δ-lc weak log Fano (WLF)
pair for a boundary B form a bounded family.
The Termination Conjecture (1.1) was proved in the 3-dimensional ter-
minal case by Shokurov [Sh4], the 3-dimensional Klt and the 4-dimensional
terminal cases by Kawamata [K, KMM] and the 4-dimensional canonical
case by Fujino [F]. Alexeev also has proved some special cases [A]. But the
main development toward a general solution is the paper by Shokurov [Sh1]
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which proves that ACC and lower-semicontinuity for minimal log discrepan-
cies (mld’s) in dimension d imply the Termination Conjecture in dimension
d. In particular, ACC for mld’s in dimension 4 is enough to prove the Termi-
nation in dimension 4 [Sh1]. However, dealing with mld’s is not an easy task.
Alternatively, in this paper, we use the ACC for lc thresholds to prove the
Termination in the case of nonnegative Kodaira dimension. Moreover, our
results also hold in the nonprojective case i.e. the varieties in the sequence
are not necessarily globally projective. Recall that pairs with nonnegative
Kodaira dimension are exactly those which the LMMP predicts to have a log
minimal model.
The proof of our results are short and simple. Partly because we use
important results of Shokurov, McKernan and Prokhorov, and partly because
our approach may be a more natural one.
Remark 1.7 In characteristic zero, Special Termination in dimension d
follows from the LMMP in dimension ≤ d − 1 and the existence of log flips
in dimension d [Sh1]. In particular, Special Termination in dimension 4
is proved [Sh1, cor 4]. Using Special Termination and the arguments of
McKernan and Prokhorov [MP] one can prove that the ACC for lc thresholds
in dimension 4 follows from the Alexeev-Borisov’s Conjecture in dimension
3.
2 Notations and conventions
We assume the base field k to be an algebraically closed field. A log pair
(X,B) consists of a normal variety X over k and B an R-Cartier divisor on
X with coefficients in [0, 1]. More generally, (X/Z,B) consists of a log pair
(X,B) equipped with a contraction X → Z onto a normal variety Z over k.
We use the usual definitions of singularities of pairs such as Klt, dlt and lc
[Sh2], and LCS(X,B) denotes the locus of lc singularities of (X,B).
Definition 2.1 Let (X/Z,B) be a pair. We say that the Kodaira dimen-
sion of (X/Z,B) is nonnegative if there is an effective R-divisor M such that
KX +B ∼R M/Z.
Note that if KX + B is a Q-divisor and the usual Kodaira dimension of
(X,B) is nonnegative (i.e. |m(KX + B)| 6= ∅ for some m ∈ N), then the
Kodaira dimension of (X/Z,B) is also nonnegative by our definition.
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Definition 2.2 Let M be an R-Cartier divisor on X . The lc threshold of
M with respect to a lc pair (X,B) is the real number lct(M,X,B) := t such
that (X,B + tM) is lc but not Klt.
A sequence of flips with respect to KX1+B1 is a sequence Xi 99K Xi+1/Z
of KXi +Bi-flips/Z where KXi +Bi is the birational transform of KX1 +B1.
3 Proof of the main theorem
Proof (of Theorem 1.2)
Let Xi 99K Xi+1/Z be a sequence of flips with respect to KX1 +B1. Since
the Kodaira dimension of (X/Z,B) is nonnegative, by definition KX1+B1 ∼R
M1/Z for some effective R-Cartier divisor M1.
Step 1. Let t1 be the lc threshold of M1 with respect to KX1 + B1. By
Special Termination, there is I ∈ N such that LCS(Xi, Bi + t1Mi) does not
intersect the flipping locus for any i ≥ I whereMi is the birational transform
of M1.
Step 2. Now replace (Xi, Bi) with (Xi, Bi)−LCS(Xi, Bi+t1Mi) for i ≥ I.
So, we obtain a new sequence of flips. Moreover, the new pair (XI , BI+t1MI)
is Klt. Note that, either the sequence of flips stops at XI or MI 6= 0 on XI .
Step 3. Let t2 be the lc thresholds of MI with respect to KXI +BI . Since
(XI , BI + t1MI) is Klt, we deduce that t2 > t1. Similar to step 1, Special
Termination implies that there is I1 such that LCS(Xi, Bi + t2Mi) does not
intersect the flipping locus for any i ≥ I1.
Step 4. By repeating the above process, either the sequence of flips stops
or we get an increasing sequence t1 < t2 < t3 < . . . of lc thresholds. The
latter contradicts the ACC for lc thresholds.

Proof (of Corollary 1.3) Immediate by Theorem 1.2 and Remark 1.7. 
4
Remark 3.1 As mentioned before, our method also works in the nonpro-
jective case ( in particular, for 4-folds) if the same termination holds in the
nonprojective case in lower dimensions. But it is not clear yet how to deal
with the negative Kodaira dimension case.
Remark 3.2 Our method gives a new proof of the termination in dimen-
sion 3 in the nonnegative Kodaira dimension case. Note that our proof,
unlike other proofs [K, Sh2], does not use the classification of 3-fold terminal
singularities.
Remark 3.3 A plan to attack the Alexeev-Borisov’s Conjecture in dimen-
sion 3, using the theory of complements, is exposed in [B].
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